In this paper, we obtain a uniform Darboux transformation for multi-component coupled NLS equations, which can be reduced to all previous presented Darboux transformation. As a direct application, we derive the single dark soliton and multi-dark soliton solutions for multi-component coupled NLS with defocusing case and mixed focusing and defocusing case. Some exact single and two-dark solitons of three-component NLS equation are shown by plotting the picture.
I. INTRODUCTION
It is well known that nonlinear Schrödinger (NLS)-type equations play a prominent role in nonlinear physical systems, such as nonlinear optics [1] , Bose-Einstein condensates [2] . In these physical systems, the nonlinear coefficient can be positive or negative, depending on the physical situations [3] . For example, the nonlinearity can be positive or negative when the interaction between atoms is repulsive or attractive in Bose-Einstein condensates [2] . For nonlinear optics, it corresponds to the focusing or defocusing case. There are lots of results about the scalar NLS equation [4] . It admits bright solitons [4] , breather [5] and rogue wave [6] in the focusing case, and dark solitons [8] in the defocusing case.
Since a variety of complex systems, such as Bose-Einstein condensates, nonlinear optical fibers, etc., usually involve more than one component, the studies were extended to coupled NLS equations cases. The integrable coupled NLS equations are called Manakov system [9] . In the focusing case, the coupled NLS equations admit bright-bright solitons, bright-dark, breather, rogue wave, bright-dark-breather and bright-dark-rogue wave solution [10] [11] [12] . In the defocusing case, the coupled NLS equations admit bright-dark and dark-dark solitons [13, 14] . In the mixed case, the coupled NLS equations admit bright-bright solitons, bright-dark solitons and dark-dark soliton [15, 16] . For the focusing three-component nonlinear Schrödinger equations, there exists the "four-petaled flower" structure rogue wave by Darboux transformation (DT) [17] .
The defocusing NLS equation possesses dark soliton. However, the dark soliton is not evident to research by Darboux transformation method. The first time to obtain the dark soliton with DT method was appeared in 1996 [20] . The single dark soliton formula was appeared in 2006 and 2009 [18, 19] . The method for inverse scattering method is even more open until 2006 [21] . Even the method in reference [21] , their solutions can be degenerated into scalar NLS equation.
In this paper, we will derive a simple N-soliton formula for dark soliton and breather solution of integrable multicomponent coupled system. In order to present our work clearly and readably, we revisit the method in 1996 and 2006 [18, 20] . In 1996 [20] , Manas proposed a method to derive the dark soliton for dNLS. The Darboux matrix can be represented as
Although we can iterate the DT method step by step. However, the integration restrict us to do this. In 2009 [22] , Cieśliński revisit different type DT method. Indeed, we can see that the DT (1) is nothing but nilpotent Darboux matrix. However, even though we find this, we can not still iterate the DT with a convenient way. In order to provide a simple way to derive the N-fold DT, we need some new idea. Firstly, we convert equation (1) into the classical binary DT. The important property for DT is the kernel for D(x, t; λ):
Indeed, we have the following equality
Thus the Darboux transforation can be represented aŝ
We can see that this transformation is nothing but classical binary Darboux transforation. However, generally speaking, Darboux transformation is considered as the special gauge transformation. That is the reason that we underestimate the classical binary DT. Indeed, the binary DT is the consistent transformation for NLS type system. With the binary DT method. We can reduce it for Zakharov-Shabat dressing operator or the loop group representation.
What is important, we can obtain the dark soliton's DT. Recently, there are some another method to derive the dark soliton for multi-component NLS equations. For instance, the algebraic-geometry reduction method and dressing-Hirota method [28, 29] .
In this paper, we depart from the classical binary Darboux transformation of AKNS system. To the best of our knowledge, although the binary DT for KdV, KP and DS equations are well known to us, there no research about the binary DT for AKNS system. Since in classical view, they deem that the DT of AKNS system is the gauge transformation [26] , loop group [25] or Zaharov-Shabat dressing operator [27] . All of above transformation can be diagonalize, but the binary DT can not be diagonalize, since the the operator is nilpotent. In order to solve this problem in frame of diagonalize, we use the limit technique.
The aim of our work is two fold. Firstly, we reduce the binary DT of AKNS system to obtain an uniform transformation for AKNS system. Secondly, we use the binary DT of AKNS system to derive dark soliton and multi-dark soliton for multi-component NLS equations. In section II, we introduce some basic knowledge about AKNS system. Then we emphasize the binary DT for AKNS system. Based on the binary DT, we reduce this transformation with an uniform transformation for AKNS system. In section III, by the uniform transformation, we derive the single dark soliton and multi-dark soliton for N-component NLS equation. In order to give us a clear understand of our formula, we plot the explicit dark soliton and two dark soliton picture of three-component NLS euqations. Final section involves some conclusions and discussions.
II. THE AKNS SYSTEM AND THE BINARY DARBOUX TRANSFORMATION
In this section, we firstly recall some results about the AKNS system and its reduction for NLS equations. Secondly, we introduce the binary DT for AKNS system. Finally, we reduce the binary DT into different transformation by conjugation equation and limit technique. Through the limit technique, the integration is automatic by taking the limit.
A. The AKNS system
In this subsection, we recall the classical results about the AKNS system [30] . Let a = diag(a 1 , a 2 , · · · , a n ) be a fixed nonzero diagonal matrix in sl(n, C), and denote
denotes the space of maps in the L ∞ (R) class. For the spectral problem
when λ → ∞, we have the formal asymptotical behavior
Thus we can suppose Φ = m(x; λ)e aλx , where m(x; λ) is an analytical function and possess the following formal expansion
Substituting it into (2), we can obtain
and
Since Φ x Φ −1 = λa + u and ΦbΦ −1 = mbm −1 , we can obtain that
It follows that
Write (3) gives
In reference [25] , they proved that if b is a polynomial of a, then Q b,j is an order-(j-1) polynomial differential operator in u.
Then we have the following proposition:
, and
In what following, we consider the reality conditions. The detail for reality conditions are given in reference [25] . A Lax pair [∂ x + A(x, t; λ), ∂ t + B(x, t; λ)] = 0 is said to satisfy the reality condition if σ(A(x, t;λ)) = A(x, t; λ) and σ(B(x, t;λ)) = B(x, t; λ), where σ is complex conjugate linear Lie algebra involution in sl(n, C).
In this paper, we merely consider the u(k, N + 1 − k) hierarchy [25] . The second flow in u(k, N + 1 − k) hierarchy is the following multi-component NLS equation.
where
which admits the following Lax pair
B. The Binary Darboux transformation for AKNS system
We consider the binary Darboux transformation for AKNS system with symmetry reduction. Firstly, we give some lemmas.
Lemma 1 Suppose Φ 1 and Φ are the special vector solutions for system (7) at λ = λ 1 and λ respectively, then we can have total differention
In addition, we have
If λ 1 ∈ R, we have
where C is a complex constant, and
Proof: Taking complex conjugation to (7) both sides, we have
Left multiplying by Φ † 1 σ 3 into both sides of (7) and right multiplying by Φ into both sides of (11), then can can obtain
It follows that equations (8) and (9) In what following, to keep the uniqueness of the constants C, we choose it as zero. Following the idea in the introduction, we can obtain that the one fold binary Darboux transformation for dCNLS (6) is
In the following, we verify the validity of the above transformation.
Theorem 1 Suppose Φ satisfies the system (7), and Φ 1 is a special solution for Lax pair (7) at λ = λ 1 , and
Proof: We firstly verify the first equation of (13) . By lemma 1, we have Ω(
. It follows that
where the second equality use the relation Φ †
And it is readily to verify the validity of symmetry relation for Q [1] . Then the first equation of (13) is verified. Besides, we can obtain the following relation. Since Φ[1] = T Φ,
, it follows that
Expanding the matrix T with T = I + T1 λ + T2 λ 2 + · · · and substituting into equation (14) . Comparing the coefficient of λ, we can get
Finally, we consider the time evolution equation of (13) . Since matrix T is a special gauge transformation, by directly calculating we have
. By equation (15), we have
x , and then we have
2 by directly calculating, where the superscript o and d denotes the off-diagonal and diagonal part of the block matrix respectively. This completes the theorem.
In the following, we consider the N-fold binary Darboux transformation based on above theorem.
Theorem 2 Suppose we have N different solutions Φ i s for Lax pair (7) at λ = λ i (i = 1, 2, · · · , N ), and Φ † j σ 3 Φ j = 0 if λ j ∈ R, then the N-fold binary Darboux transformation can be represented as
The transformation between fields is
Proof: In the first place, we have
where the third equality uses the relation (−λ + D)Ω + N † σ 3 Φ = 0, the fifth equality uses the relation
Based on the above theorem, we merely need to verify the spectral problem. The time evolution part is similar as above theorem. Thus we omit it.
C. The uniform transformation through binary DT
In this subsection, we consider reduction for binary DT. For convenience, we merely consider the one-fold binary DT, since the N-fold binary DT is nothing but N-times iteration of one-fold DT. Firstly, we consider how to reduce the binary DT into Zakharov-Shabat dressing operator [4] . If the spectral parameters λ 1 =λ 1 , we use the relation
Then we have
By this transformation, we can obtain bright soliton, breather and rogue wave solution. The high order DT for this kinds of DT was obtain in reference [7] by limit technique.
If the spectral parameters λ 1 =λ 1 . In this case, we use the limit technique to deal with this problem. Suppose Ψ 1 and Φ 1 are two different solution for Lax pair at λ = λ 1 such that Φ †
To keep the non-singularity of above transformation, we have sign(β) = sign lim
In the following section, we would like to how to use the above transformation to derive the dark soliton and N-dark soliton for N-component NLS equations.
III. DARK SOLITON AND N-DARK SOLITON
In this section, we consider the application for binary Darboux transformation. A direct application is using the Darboux transformation to derive some special solutions. By the binary Darboux transformation, we can obtain the dark soliton for dCNLS.
A. Single Dark soliton for N-component NLS equation
To obtain the dark soliton, we use the seed solutions
In the first place, we need to solve the Lax pair equation (7) with above seed solutions. In order to solve the Lax pair equation, we use the gauge transformation
converts the variable coefficient differential equation into constant coefficient equation. Then we can obtain
In the following, we consider the property of the matrix U 0 . Firstly we can obtain the characteristic equation of matrix U 0 :
Then we have the vector solution for (20) :
To obtain the dark soliton, we need to choose the complex conjugation root of the characteristic equation (22) . If µ andμ are the roots of characteristic equation (22), then we have
where µ j andμ i are the roots of characteristic equation (22) with λ = λ j and λ = λ i respectively. It follows that
Then we can obtain that
Thus the formula
With this formula, we can readily take limit
Then we come back to the DT (18) . Through above explicit expression and set β = 2e α µ1−μ1 , we have
Then the DT (18) can be constructed explicitly as
.
It follows that single Dark soliton for N-component NLS equation is
Without loss of generality, we suppose Im(µ 1 ) > 0. When x → −∞, we have
When x → +∞, we have
The center of dark-dark soliton q i [1] is along the line x + [λ + Re(µ 1 )]t + α = 0. The velocity of dark-dark soliton
In the following, we introduce another way to determine the background whether or not exist the dark-dark bound states [15] . Through the relation (23), we have
Indeed, through the expression for single soliton, to obtain the need to know the parameter λ 1 + µ 1 . And the velocity of soliton is controlled by −Re(λ 1 + µ 1 ). Thus if we need to find the soliton with velocity equals to zero, we merely to solve the following equation.
If σ l = 1 for all l, then the function
is an increasing function in positive half axis. Then the equation (25) In what following, we illustrate some exact examples to the single dark soliton. Since the velocity of soliton possesses the exact physical meaning, we look for the soliton by the velocity v = −Re(λ 1 + µ 1 ). Then we can solve the following equation about Im(µ 1 )
Substituting (15), we can obtain an algebraic equation about λ 1 . Solving the algebraic equation, we can obtain all of parameters about single dark soliton. For instance, we consider the three-component NLS with the defocusing case (i.e. N = 3, σ 1 = σ 2 = σ 3 = 1). If we need to find the soliton with velocity v = 0, then we choose the parameters:
We can plot the picture of single dark soliton by Maple (Fig. 1) . Since the soliton are stationary, we merely plot the picture at t = 0. 
B. N-dark soliton for N-component NLS equation
In order to give the N-dark soliton, we first adapt the binary DT with the limit technique. The N-fold binary DT can be written with the following form
Thus we can suppose that
The explicit expression for Darboux matrix T N can be determined by the following equations
By linear algebra, we have the following expression for T N :
By the above subsection, we have
With this formula, we can readily take limit λ
Then the N-Dark soliton for equations (6) can be represented as following:
In what following, we consider some dynamics for two dark soliton for three-component NLS equation. Firstly, we consider the defocusing case σ i = 1, i = 1, 2, 3. By the method in the above subsection (we choose the velocity v 1 = 1 and v 2 = −1), the parameters are choosing as following:
Then we can obtain figure 2. Secondly, we consider the mixed focusing and defocusing case σ i = 1, i = 1, 2 and σ 3 = −1. In the first place, we consider the two-pole two-dark soliton. Since the characteristic equation (22) for three-component NLS equation is a quartic equation, there maybe exists two pairs of complex conjugation roots. This kinds of soliton can not exist in the scalar or two-component NLS system, since the characteristic equation is not allowed to exist two pairs of conjugation complex roots. For instance, we choose the parameters as following
The figures are giving in Fig 3. It is seen that there is not evident different dynamics behavior with ordinary two-dark soliton. Then, we consider the two bound state of three-component NLS equations. The parameters are choosing by the method of above subsection. Firstly, we choose the background parameters a i , c i and v = 0, we can obtain two different Im(µ 1 ), Im(µ 2 ). And then substitute into (22), we can obtain the two different spectral parameters λ 1 , λ 2 . Since the parameter α 1 , α 2 depend the initial position of soliton, we choose it for different value to distinguish two soliton. For instance, we choose the parameters as following
The figures are giving in Fig. 4 . 
C. Conclusion
In this paper, we obtain the uniform transformation for multi-component NLS equation. To the best of our knowledge, the mean of this transformation is two-fold. The Darboux transformation is related with inverse scattering transformation which is a method to solve the initial value problem of integrable PDE. The inverse scattering method of coupled NLS equation is an open problem in soliton theory. In 2006, Abolowitz et.al solved this problem with the special background [21] . The DT provides a way to solve this problem at least for the discrete spectrum.
Besides there is another open question in the famous book of Faddeev and Takhtajan (P. 145 the end of second paragraph). They authors deem that the solution of Riemann problem with zeros cannot be expressed as a product of Blaschke-Potapov factors and a solution of the regular Riemann problem with same continuous spectrum data. Indeed, by the above binary DT, we can delete or add the discrete spectrum for the spectral problem: LΦ = λΦ, L = iσ 3 ∂ x − σ 3 Q, Q = 00 .
By the binary DT, we can readily construct the L 2 (R) eigenfunction λ−λ1 ) = sign(β). It is readily to verify that Φ [1] (λ 1 ) ∈ L 2 (R). The detail research for this transformation applied to inverse scattering transformation will be proceeded in the future.
The direct and simple application for this transformation is using it to derive the dark and N-dark soliton solution. Besides, the method in our paper can be readily to generalize in the other integrable system to look for some hiding solutions. We would like to explore it in the future. This work is supported by National Natural Science Foundation of China 11271052.
